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THE NIELSEN AND REIDEMEISTER THEORIES OF
ITERATIONS ON INFRA-SOLVMANIFOLDS OF TYPE (R) AND
POLY-BIEBERBACH GROUPS
ALEXANDER FEL’SHTYN AND JONG BUM LEE
Abstract. We study the asymptotic behavior of the sequence of the Nielsen
numbers {N(fk)}, the essential periodic orbits of f and the homotopy minimal
periods of f by using the Nielsen theory of maps f on infra-solvmanifolds
of type (R). We develop the Reidemeister theory for the iterations of any
endomorphism ϕ on an arbitrary group and study the asymptotic behavior
of the sequence of the Reidemeister numbers {R(ϕk)}, the essential periodic
[ϕ]-orbits and the heights of ϕ on poly-Bieberbach groups.
1. Introduction
Let f : X → X be a map on a connected compact polyhedron X . A point
x ∈ X is a fixed point of f if f(x) = x and is a periodic point of f with period n if
fn(x) = x. The smallest period of a periodic x is called the minimal period. We
will use the following notations:
Fix(f) = {x ∈ X | f(x) = x},
Per(f) = the set of all minimal periods of f,
Pn(f) = the set of all periodic points of f with minimal period n,
HPer(f) =
⋂
g≃f
{n ∈ N | Pn(g) 6= ∅}
= the set of all homotopy minimal periods of f.
Let p : X˜ → X be the universal covering projection onto X and f˜ : X˜ → X˜ a
fixed lift of f . Let Π be the group of covering transformations of the projection
p : X˜ → X . Then f induces an endomorphism ϕ = ϕf : Π → Π by the following
identity
ϕ(α)f˜ = f˜α, ∀α ∈ Π.
The subsets p(Fix(αf˜)) ⊂ Fix(f), α ∈ Π, are called fixed point classes of f . A
fixed point class is called essential if its index is nonzero. The number of essential
fixed point classes is called the Nielsen number of f , denoted by N(f) [27].
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The Nielsen number is always finite and is a homotopy invariant lower bound for
the number of fixed points of f . In the category of compact, connected polyhedra
the Nielsen number of a map is, apart from in certain exceptional cases, equal to
the least number of fixed points of maps with the same homotopy type as f .
Let ϕ : Π → Π be an endomorphism on an arbitrary group Π. Consider the
Reidemeister action of Π on Π determined by the endomorphism ϕ and defined
as follows:
Π×Π −→ Π, (γ, α) 7→ γαϕ(γ)−1.
The Reidemeister class containing α will be denoted by [α], and the set of Reide-
meister classes of Π determined by ϕ will be denoted byR[ϕ]. Write R(ϕ) = #R[ϕ],
called the Reidemeister number of ϕ. When the endomorphism ϕ : Π → Π is
induced from a self-map f : X → X , i.e., when ϕ = ϕf , we also refer to R[ϕ] as the
set R[f ] of Reidemeister classes of f , and R(ϕ) as the Reidemeister number R(f)
of f .
It is easy to observe that if ψ is an automorphism on Π, then ψ sends the
Reidemeister class [α] of ϕ to the Reidemeister class [ψ(α)] of ψϕψ−1. Hence
the Reidemeister number is an automorphism invariant. For any β ∈ Π, let τβ
denote the inner automorphism determined by β. We will compare R[ϕ] with
R[τβϕ]. Observe that the right multiplication rβ−1 by β
−1 on Π induces a bijection
R[ϕ]→ R[τβϕ], [α] 7→ [αβ−1]. Indeed,
rβ−1 : γ · α · ϕ(γ)
−1 7−→ (γ · α · ϕ(γ)−1)β−1
= γ · (αβ−1) · βϕ(γ)−1β−1 = γ · (αβ−1) · (τβϕ)(γ)
−1.
Similarly, we can show that r(βϕ(β)···ϕn−1(β))−1 induces a bijectionR[ϕ
n]→R[(τβϕ)n],
[α]n 7→ [α(βϕ(β) · · ·ϕn−1(β))−1]n. Hence the Reidemeister number is a conjugacy
invariant. This is not surprising because if f and g are homotopic, then their
induced endomorphisms differ by an inner automorphism τβ .
The set Fix(fn) of periodic points of f splits into a disjoint union of periodic
point classes p(Fix(αf˜n)) of f , and these sets are indexed by the Reidemeister
classes [α]n ∈ R[ϕn] of the endomorphism ϕn where ϕ = ϕf . Namely,
Fix(fn) =
∐
[α]n∈R[ϕn]
p
(
Fix(αf˜n)
)
.(D)
From the dynamical point of view, it is natural to consider the Nielsen numbers
N(fk) and the Reidemeister numbers R(fk) of all iterations of f simultaneously.
For example, N. Ivanov [21] introduced the notion of the asymptotic Nielsen num-
ber, measuring the growth of the sequence N(fk), and found the basic relation
between the topological entropy of f and the asymptotic Nielsen number. Later
on, it was suggested in [11, 42, 12, 13, 14] to arrange the Nielsen numbers N(fk),
the Reidemeister numbers R(fk) and R(ϕk) of all iterations of f and ϕ into the
Nielsen and the Reidemeister zeta functions
Nf(z) = exp
(
∞∑
k=1
N(fk)
k
zk
)
,
Rf (z) = exp
(
∞∑
k=1
R(fk)
k
zk
)
, Rϕ(z) = exp
(
∞∑
k=1
R(ϕk)
k
zk
)
.
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The Nielsen and Reidemeister zeta functions are nonabelian analogues of the Lef-
schetz zeta function
Lf (z) = exp
(
∞∑
k=1
L(fk)
k
zk
)
,
where
L(fn) :=
dimX∑
k=0
(−1)ktr
[
fn∗k : Hk(X ;Q)→ Hk(X ;Q)
]
is the Lefschetz number of the iterate fn of f .
Nice analytic properties of Nf (z) [14] indicate that the numbers N(f
k), k ≥ 1,
are closely interconnected. Other manifestations of this are Gauss congruences∑
d|k
µ
(
k
d
)
N(fd) ≡ 0 mod k,
for any k > 0, where f is a map on an infra-solvmanifold of type (R) [15]. Whenever
all R(fk) are finite, we also have∑
d|k
µ
(
k
d
)
R(fd) =
∑
d|k
µ
(
k
d
)
N(fd) ≡ 0 mod k.
It is known that the Reidemeister numbers of the iterates of an automorphism ϕ
of an almost polycyclic group also satisfy Gauss congruences [17, 18].
The fundamental invariants of f used in the study of periodic points are the
Lefschetz numbers L(fk), and their algebraic combinations, the Nielsen numbers
N(fk) and the Nielsen–Jiang periodic numbers NPn(f) and NΦn(f), and the Rei-
demeister numbers R(fk) and R(ϕk).
The study of periodic points by using the Lefschetz theory has been done exten-
sively by many authors in the literature such as [27], [9], [2], [24], [41]. A natural
question is to ask how much information we can get about the set of essential pe-
riodic points of f or about the set of (homotopy) minimal periods of f from the
study of the sequence {N(fk)} of the Nielsen numbers of iterations of f . Utiliz-
ing the arguments employed mainly in [2] and [24, Chap. III] for the Lefschetz
numbers of iterations, we study the asymptotic behavior of the sequence {N(fk)},
the essential periodic orbits of f and the homotopy minimal periods of f by using
the Nielsen theory of maps f on infra-solvmanifolds of type (R). We will give a
brief description of the main results in Section 4 whose details and proofs can be
found in [16]. From the identity (D), the Reidemeister theory for the iterations of
f is almost parallel to the Nielsen theory of the iterates of f . Motivated from this
parallelism, we will develop in Section 2 the Reidemeister theory for the iterations
of any endomorphism ϕ on an arbitrary group Π. In this paper, we will study the
asymptotic behavior of the sequence {R(ϕk)}, the essential periodic [ϕ]-orbits and
the heights of ϕ on poly-Bieberbach groups. We refer to [15, 16] for background to
our present work.
Acknowledgments. The first author is indebted to the Max-Planck-Institute for
Mathematics(Bonn) and Sogang University(Seoul) for the support and hospitality
and the possibility of the present research during his visits there. The authors also
would like to thank Thomas Ward for making careful corrections and suggestions
to a few expressions.
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2. Preliminaries
Recall that the periodic point set Fix(fn) splits into a disjoint union of periodic
point classes
Fix(fn) =
⊔
[α]n∈R[ϕn]
p
(
Fix(αf˜n)
)
.
Consequently, there is a 1-1 correspondence η from the set of periodic point classes
p(Fix(αf˜n)) to the set of Reidemeister classes [α]n of ϕn. When m | n, Fix(fm) ⊂
Fix(fn). Let x ∈ Fix(fm) and x˜ ∈ p−1(x). Then there exist unique α, β ∈ π such
that αf˜m(x˜) = x˜ and βf˜n(x˜) = x˜. It can be easily derived that
β = αϕm(α)ϕ2m(α) · · ·ϕn−m(α).
This defines two natural functions, called boosting functions,
γm,n : p
(
Fix(αf˜m)
)
7→ p
(
Fix(αϕm(α)ϕ2m(α) · · ·ϕn−m(α)f˜n)
)
,
ιm,n = ιm,n(ϕ) : [α]
m 7→ [αϕm(α)ϕ2m(α) · · ·ϕn−m(α)]n
so that the following diagram is commutative
p
(
Fix(αf˜m)
)
✤ γm,n //
❴
η

p
(
Fix(αϕm(α)ϕ2m(α) · · ·ϕn−m(α)f˜n)
)
❴
η

[α]m
✤ ιm,n // [αϕm(α)ϕ2m(α) · · ·ϕn−m(α)]n
Moreover, it is straightforward to check the commutativity of the diagram
[α]m
✤
r(βϕ(β)···ϕm−1(β))−1 //
❴
ιm,n(ϕ)

[α(βϕ(β) · · ·ϕm−1(β))−1]m
❴
ιm,n(τβϕ)

[αϕm(α) · · ·ϕn−m(α)]n ✤
r(βϕ(β)···ϕn−1(β))−1 // [αϕm(α) · · ·ϕn−m(α)(βϕ(β) · · ·ϕm−1(β))−1]n
On the other hand, for x ∈ p(Fix(αf˜n)) we choose x˜ ∈ p−1(x) so that αf˜n(x˜) =
x˜. Then
ϕ(α)f˜nf˜(x˜) = ϕ(α)f˜ f˜n(x˜) = f˜αf˜n(x˜) = f˜(x˜)
and so f(x) ∈ p(Fix(ϕ(α)f˜n)). Namely, p(Fix(ϕ(α)f˜n)) is the periodic point class
determined by f(x). Therefore, f induces a function on the periodic point classes
of fn, which we denote by [f ], defined as follows:
[f ] : p
(
Fix(αf˜n)
)
7−→ p
(
Fix(ϕ(α)f˜n)
)
.
Similarly, ϕ induces a well-defined function on the Reidemeister classes of ϕn, which
we will denote by [ϕ], given by [ϕ] : [α]n 7→ [ϕ(α)]n. Then the following diagram
commutes:
p
(
Fix(αf˜n)
)
✤ [f ] //
OO

p
(
Fix(ϕ(α)f˜n)
)
OO

[α]n ✤
[ϕ] // [ϕ(α)]n
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By [27, Theorem III.1.12], [f ] is an index-preserving bijection on the periodic point
classes of fn. We say that [α]n is essential if the corresponding class p(Fix(αf˜n))
is essential. Evidently,
Fix(αf˜n)
identity
55
f˜ // Fix(ϕ(α)f˜n)
αf˜n−1 // Fix(αf˜n).
This implies that for each α ∈ Π, the restrictions of f
f | : p
(
Fix(αf˜n)
)
−→ p
(
Fix(ϕ(α)f˜n)
)
are homeomorphisms such that [f ]n is the identity. In particular,
p
(
Fix(αf˜n)
)
= ∅ ⇐⇒ p
(
Fix(ϕ(α)f˜n)
)
= ∅.
Moreover, [ϕ]n is the identity, ιm,n ◦ [ϕ] = [ϕ] ◦ ιm,n and γm,n ◦ [f ] = [f ] ◦ γm,n.
The length of the element [α]n ∈ R[ϕn], denoted by ℓ([α]n), is the smallest
positive integer ℓ such that [ϕ]ℓ([α]n) = [α]n. The [ϕ]-orbit of [α]n is the set
〈[α]n〉 = {[α]n, [ϕ]([α]n), · · · , [ϕ]ℓ−1([α]n)},
where ℓ = ℓ([α]n). We must have that ℓ | n. The element [α]n ∈ R[ϕn] is reducible
to m if there exists [β]m ∈ R[ϕm] such that ιm,n([β]m) = [α]n. Note that if [α]n is
reducible to m, then m | n. If [α]n is not reducible to any m < n, we say that [α]n
is irreducible. The depth of [α]n, denoted by d([α]n), is the smallest integer m
to which [α]n is reducible. Since clearly d([α]n) = d([ϕ]([α]n)), we can define the
depth of the orbit 〈[α]n〉: d(〈[α]n〉) = d([α]n). If n = d([α]n), the element [α]n or
the orbit 〈[α]n〉 is called irreducible.
Clearly, as a set p(Fix(αf˜m)) ⊂ p(Fix(αϕm(α)ϕ2m(α) · · ·ϕn−m(α)f˜n)). This
implies that if p(Fix(αf˜m)) is the periodic point class of fm determined by x, then
p
(
Fix(αϕm(α)ϕ2m(α) · · ·ϕn−m(α)f˜n)
)
is the periodic point class of fn determined by x.
Note that if [α]n is irreducible, then every element of the fixed point class
p(Fix(αf˜n)) is a periodic point of f with minimal period n. Let [α]n be an es-
sential class with depth m and let ιm,n([β]
m) = [α]n. Then there is a periodic point
x of f with minimal period m. Consequently, the irreducibility of a periodic Rei-
demeister class of ϕ is an algebraic counterpart of the minimal period of a periodic
point of f . We say that a periodic Reidemeister class [α]n of ϕ has height n if it
is irreducible. The set IR(ϕn) of all classes in R[ϕn] with height n is an algebraic
analogue of the set Pn(f) of periodic points of f with minimal period n. Let I(ϕ)
be the set of all irreducible classes of ϕ. That is,
I(ϕ) = {[α]k ∈ R[ϕk] | α ∈ Π, k > 0, [α]k is irreducible}.
We define the set H(ϕ) of all heights of ϕ to be
H(ϕ) = {k ∈ N | some [α]k has height k}.
Then H(ϕ) is an algebraic analogue of the set Per(f) of all minimal periods of
f . Motivated from homotopy minimal periods of f , we may define the set of all
homotopy heights of ϕ as follows:
HI(ϕ) =
⋂
β∈Π
{n ∈ N | IR((τβϕ)
n) 6= ∅} .
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However, as we have observed before, since the boosting functions ιm,n commute
with “right multiplications”, i.e.,
ιm,n(τβϕ) ◦ r(βϕ(β)···ϕm−1(β))−1 = r(βϕ(β)···ϕn−1(β))−1 ◦ ιm,n(ϕ),
it follows that the height is a conjugacy invariant. Consequently, we have HI(ϕ) =
H(ϕ).
3. Poly-Bieberbach groups
The fundamental group of an infra-solvmanifold is called a poly-Bieberbach
group, which is a torsion free poly-crystallographic group. It is known (see for
example [10, Theorem 2.12]) that every poly-Bieberbach group is a torsion-free
virtually poly-Z group. We refer to [46, Theorem 3] for a characterization of
poly-crystallographic groups. Recall also from [46, Corollary 4] that for any poly-
Bieberbach group Π there exist a connected simply connected supersolvable Lie
group S, a compact subgroup K of Aut(S) and an isomorphism ι of Π onto a dis-
crete cocompact subgroup of S ⋊K such that ι(Π) · S is dense in S ⋊K. By [16,
Lemma 2.1], the supersolvable Lie groups are the Lie groups of type (R), that is,
Lie groups for which if adX : S→ S has only real eigenvalues for all X in the Lie
algebra S of S. Assuming ι to be an inclusion or identifying Π with ι(Π), we have
the following commutative diagram
1 −−−−→ S −−−−→ S ⋊K
p
−−−−→ K −−−−→ 1x x x
1 −−−−→ Π ∩ S −−−−→ Π −−−−→ p(Π) −−−−→ 1
Here, we cannot assume that the subgroup p(Π) of K ⊂ Aut(S) is a finite group
and that the translations Π ∩ S form a lattice in the solvable Lie group S of type
(R).
In this paper, we will assume the following: Let Π be a poly-Bieberbach group
which is the fundamental group of an infra-solvmanifold of type (R), i.e., Π is a
discrete cocompact subgroup of Aff(S) := S ⋊ Aut(S), where S is a connected,
simply connected solvable Lie group of type (R) and Π ∩ S is of finite index in Π
and a lattice of S. The finite group Φ := Π/Π∩S is called the holonomy group of
the poly-Bieberbach group Π or the infra-solvmanifold Π\S of type (R). Naturally
Φ sits in Aut(S). Let ϕ : Π→ Π be an endomorphism. Then by [33, Theorem 2.2],
ϕ is semi-conjugate by an “affine map”. Namely, there exist d ∈ S and a Lie group
endomorphism D : S → S such that ϕ(α)(d,D) = (d,D)α for all α ∈ Π ⊂ Aff(S).
From this identity condition, the affine map f˜ := (d,D) : S → S restricts to a map
f : Π\S → Π\S for which it induces the endomorphism ϕ. Conversely, if f is a
self-map on an infra-solvmanifold Π\S of type (R), f induces an endomorphism
ϕ = ϕf , see Section 1. As remarked above, f is homotopic to a map induced by an
affine map on S. Since the Lefschetz, Nielsen and Reidemeister numbers of f are
homotopy invariants, we may assume that our f has an affine lift (d,D) on S.
Theorem 3.1 ([15, Corollary 7.6]). Let ϕ : Π → Π be an endomorphism on a
poly-Bieberbach group Π of S with holonomy group Φ. If ϕ is the semi-conjugate
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by an affine map (d,D) on S, then we have
R(ϕk) =
1
#Φ
∑
A∈Φ
σ
(
det(I −A∗D
k
∗)
)
where σ : R → R ∪ {∞} is given by σ(0) = ∞ and σ(x) = |x| for all x 6= 0.
Furthermore, if R(ϕk) <∞ then R(ϕk) = N(fk) where f is a map on Π\S which
induces ϕ.
When all R(ϕk) are finite, Theorem 3.1 says that the Reidemeister theory for
poly-Bieberbach groups follows directly from the Nielsen theory for infra-solvmanifolds
of type (R). In this paper, whenever possible, we will state our results in the lan-
guage of Reidemeister theory.
Proposition 3.2 ([15, Proposition 9.3]). Let f be a map on an infra-solvmanifold
Π\S of type (R) induced by an affine map. Then every essential fixed point class
of f consists of a single element.
Let ϕ : Π→ Π be an endomorphism on a poly-Bieberbach group Π. We assume
as before that (d,D) be an affine map on S and f : Π\S → Π\S be the map
induced by (d,D) and inducing ϕ. We assume further that all R(ϕn) <∞. Hence
by Theorem 3.1, R(ϕn) = N(fn) for all n > 0. This implies that for every n > 0
all fixed point classes of fn are essential and hence consist of a single element by
Proposition 3.2. Consequently, we can refer to essential fixed point classes of fn
as essential periodic points of f with period n. Moreover, for every n > 0 all
Reidemeister classes of ϕn are essential.
For m | n and for β ∈ Π, let α = βϕm(β) · · ·ϕn−m(β) and consider the commut-
ing diagram
[α]n ✤
η //
OO
ιm,n
❴
p
(
Fix(α(α)f˜n)
)
= {x}
OO
γm,n
❴
[β]m
✤ η // p
(
Fix(βf˜m)
)
= {x}
This shows that the observation in Section 2 can be refined as follows: [α]n is
irreducible if and only [α]n has height n if and only if the corresponding essential
periodic point x of f has minimal period n. Moreover, [α]n has depth d if and only
if the corresponding essential periodic point x of f has minimal period d. Let ℓ
be the length of [α]n. That is, [ϕℓ(α)]n = [α]n. Equivalently, we have f ℓ(x) = x.
This implies that [α]n is reducible to ℓ. Further, d = ℓ. In particular, if [α]n is
irreducible, then its length is the height, ℓ = n, and so #〈[α]n〉 = n.
We denote by O([ϕ], k) the set of all (essential) periodic orbits of [ϕ] with length
≤ k. Then we have
O([ϕ], k) = {〈[α]m〉 | α ∈ Π,m ≤ k}
= {〈x〉 | x is an essential periodic point of f with length ≤ k}
= O(f, k).
Recall that the set of essential periodic points of f with minimal period k is
EPk(f) = Fixe(f
k)−
⋃
d|k,d<k
Fixe(f
d).
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Then we have the algebraic counterpart. Namely,
EPk(ϕ) = {[α]
k ∈ R[ϕk] | [α]k is irreducible (and essential)}
= {[α]k ∈ R[ϕk] | [α]k has height k}
= IR(ϕk),
and #IR(ϕk) = #EPk(f). Hence the set of (essential) Reidemeister classes of
ϕk can be identified with a disjoint union of irreducible classes, that is, R[ϕk] is
decomposed by heights:
R[ϕk] =
⊔
d|k
IR(ϕd),
and hence its cardinality satisfies
R(ϕk) = #R[ϕk] =
∑
d|k
#IR(ϕd).
Recall that if we denote by Ok(ϕ) the number of essential and irreducible periodic
orbits of R[ϕk], i.e., if Ok(ϕ) = #{〈[α]k〉 | [α]k ∈ EPk(ϕ)} then by definition, the
prime Nielsen–Jiang periodic number of period k is
NPk(ϕ) = k ×Ok(ϕ).
As observed earlier, each such orbit 〈[α]k〉 has length k. Therefore, NPk(ϕ) =
#IR(ϕk) and topologically NPk(f) = #EPk(f), the number of essential periodic
points of f with minimal period k.
Theorem 3.3. Let ϕ : Π → Π be an endomorphism on a poly-Bieberbach group
such that all R(ϕk) are finite. Then
NPk(ϕ) = #IR(ϕ
k).
Let f : Π\S → Π\S be a map on an infra-solvmanifold Π\S of type (R). Then
NPk(f) = #EPk(f).
Consider all periodic orbits 〈[α]m〉 of ϕ with m | k. A set S of periodic orbits
〈[α]m〉 of ϕ with m | k is said to be a set of k-representatives if every essential orbit
〈[β]m〉 with m | k is reducible to some element of S. Then the full Nielsen–Jiang
periodic number of period k is defined to be
NFk(ϕ) = min
{∑
A∈S
d(A) | S is a set of k-representatives
}
.
Recall that all periodic orbits are essential, and every periodic orbit 〈[β]m〉 is
boosted to a periodic orbit 〈[α]k〉. Hence to compute NFk(ϕ), we need first to
consider only R[ϕk] and a set of representatives [αi]k of the orbits in R[ϕk]. Then
NFk(ϕ) is the sum of depths of all [αi]
n. Topologically, NFk(f) is the sum of
minimal periods of all essential periodic point classes 〈x〉 in Fixe(f
k).
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4. The Nielsen theory of iterations on an infra-solvmanifold of type
(R)
In this section, we shall assume that f : M → M is a continuous map on an
infra-solvmanifold M = Π\S of type (R) with holonomy group Φ. Then f admits
an affine homotopy lift (d,D) : S → S. Concerning the Nielsen numbers N(fk) of
all iterates of f , we begin with the following facts:
Averaging Formula: ([33, Theorem 4.2])
N(fk) =
1
#Φ
∑
A∈Φ
| det(I −A∗D
k
∗)|.
Gauss Congruences: ([15, Theorem 11.4])
∑
d|k
µ
(
k
d
)
N(fd) ≡ 0 mod k.
Indeed, we have shown in [15, Theorem 11.4] that the left-hand side is non-negative
because it is equal to the number of isolated periodic points of f with least period
k. By [43, Lemma 2.1], the sequence {N(fk)} is exactly realizable.
Rationality of Nielsen zeta function: ([7, Theorem 4.5],[15])
Nf (z) = exp
(
∞∑
k=1
N(fk)
k
zk
)
is a rational function with coefficients in Q.
Using these facts as our main tools, we study the asymptotic behavior of the
sequence {N(fk)}, the essential periodic orbits of f and the homotopy minimal
periods of f by using the Nielsen theory of maps f on infra-solvmanifolds of type
(R). We will give a brief description of the main results in this section whose details
and proofs can be found in [16].
Consider the sequences of algebraic multiplicities {Ak(f)} and Dold multiplicities
{Ik(f)} associated to the sequence {N(fk)}:
Ak(f) =
1
k
∑
d|k
µ
(
k
d
)
N(fd), Ik(f) =
∑
d|k
µ
(
k
d
)
N(fd).
Then Ik(f) = kAk(f) and all Ak(f) are integers by (DN). From the Mo¨bius
inversion formula, we immediately have
N(fk) =
∑
d|k
dAd(f).(M)
On the other hand, since Nf (0) = 1 by definition, z = 0 is not a zero nor a pole
of the rational function Nf(z). Thus we can write
Nf (z) =
u(z)
v(z)
=
∏
i(1 − βiz)∏
j(1 − γjz)
=
r∏
i=1
(1 − λiz)
−ρi
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with all λi distinct nonzero algebraic integers (see for example [5] or [2, Theo-
rem 2.1]) and ρi nonzero integers. This implies that
N(fk) =
r(f)∑
i=1
ρiλ
k
i .
Note that r(f) is the number of zeros and poles ofNf(z). SinceNf (z) is a homotopy
invariant, so is r(f).
We define
λ(f) = max{|λi| | i = 1, · · · , r(f)}.
The number λ(f) will play a similar role as the “essential spectral radius” in [24]
or the “reduced spectral radius” in [2].
The following theorem shows that 1/λ(f) is the “radius” of the Nielsen zeta
function Nf (z). Note also that λ(f) is a homotopy invariant.
Theorem 4.1 ([16, Theorem 3.2]). Let f be a map on an infra-solvmanifold of type
(R) with an affine homotopy lift (d,D). Let R denote the radius of convergence of
the Nielsen zeta function Nf (z) of f . Then λ(f) = 0 or λ(f) ≥ 1, and
1
R
= λ(f).
In particular, R > 0. If D∗ has no eigenvalue 1, then
1
R
= sp
(∧
D∗
)
= λ(f).
Next, we recall the asymptotic behavior of the Nielsen numbers of iterates of
maps.
Theorem 4.2 ([16, Theorem 4.1]). For a map f of an infra-solvmanifold of type
(R), one of the following three possibilities holds:
(1) λ(f) = 0, which occurs if and only if Nf (z) ≡ 1.
(2) The sequence {N(fk)/λ(f)k} has the same limit points as a periodic se-
quence {
∑
j αjǫ
k
j } where αj ∈ Z, ǫj ∈ C and ǫ
q
j = 1 for some q > 0.
(3) The set of limit points of the sequence {N(fk)/λ(f)k} contains an interval.
In order to give an estimate from below for the number of essential periodic
orbits of maps on infra-solvmanifolds of type (R), we recall the following:
Theorem 4.3 ([45]). If f : M → M is a C1-map on a smooth compact manifold
M and {L(fk)} is unbounded, then the set of periodic points of f ,
⋃
k Fix(f
k), is
infinite.
This theorem is not true for continuous maps. Consider the one-point compact-
ification of the map of the complex plane f(z) = 2z2/||z||. This is a continuous
degree two map of S2 with only two periodic points but with L(fk) = 2k+1.
However, when M is an infra-solvmanifold of type (R), the theorem is true for
all continuous maps f on M . In fact, using the averaging formula, we obtain
|L(fk)| ≤
1
|Φ|
∑
A∈Φ
| det(I −A∗D
k
∗)| = N(f
k).
If L(fk) is unbounded, then so is N(fk) and hence the number of essential fixed
point classes of all fk is infinite.
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Recall that any map f on an infra-solvmanifold of type (R) is homotopic to a
map f¯ induced by an affine map (d,D). By [15, Proposition 9.3], every essential
fixed point class of f¯ consists of a single element x with index sign det(I − dfx).
Hence N(f) = N(f¯) is the number of essential fixed point classes of f¯ . It is a
classical fact that a homotopy between f and f¯ induces a one-one correspondence
between the fixed point classes of f and those of f¯ , which is index preserving.
Consequently, we obtain
|L(fk)| ≤ N(fk) ≤ #Fix(fk).
This suggests the following conjectural inequality (see [44, 45]) for infra-solvmanifolds
of type (R):
lim sup
k→∞
1
k
log |L(fk)| ≤ lim sup
k→∞
1
k
log#Fix(fk).
We denote by O(f, k) the set of all essential periodic orbits of f with length
≤ k. Thus O(f, k) = {〈F〉 | F is a essential fixed point class of fm with m ≤ k}.
We can strengthen Theorem 4.3 as follows:
Theorem 4.4. Let f be a map on an infra-solvmanifold of type (R). Suppose that
the sequence N(fk) is unbounded. Then there exists a natural number N0 such that
k ≥ N0 =⇒ #O(f, k) ≥
k −N0
r(f)
.
Proof. As mentioned earlier, we may assume that every essential fixed point class
F of any fk consists of a single element F = {x}. Denote by Fixe(fk) the set of
essential fixed point (class) of fk. Thus N(fk) = #Fixe(f
k). Recalling also that f
acts on the set Fixe(f
k) from the proof of [15, Theorem 11.4], we have
O(f, k) = {〈x〉 | x is a essential periodic point of f with length ≤ k}.
Observe further that if x is an essential periodic point of f with least period p,
then x ∈ Fixe(f q) if and only if p | q. The length of the orbit 〈x〉 of x is p, and
Fixe(f
k) =
⋃
d|k
Fixe(f
d),
Fixe(f
d)
⋂
Fixe(f
d′) = Fixe(f
gcd(d,d′)).
Recalling that
Am(f) =
1
m
∑
k|m
µ
(m
k
)
N(fk) =
1
m
∑
k|m
µ
(m
k
)
#Fixe(f
k),
we define Am(f, 〈x〉) for any x ∈
⋃
i Fixe(f
i) to be
Am(f, 〈x〉) =
1
m
∑
k|m
µ
(m
k
)
#
(
〈x〉 ∩ Fixe(f
k)
)
.
Then we have
Am(f) =
∑
〈x〉
x∈Fixe(f
m)
Am(f, 〈x〉).
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We begin with new notation. For a given integer k > 0 and x ∈
⋃
m Fixe(f
m),
let
A(f, k) = {m ≤ k | Am(f) 6= 0} ,
A(f, 〈x〉) = {m | Am(f, 〈x〉) 6= 0} .
Notice that if Am(f) 6= 0 then there exists an essential periodic point x of f with
period m such that Am(f, 〈x〉) 6= 0. Consequently, we have
A(f, k) ⊂
⋃
〈x〉∈O(f,k)
A(f, 〈x〉)
Since N(fk) is unbounded, we have that λ(f) > 1 by the definition of λ(f). By
[16, Corollary 4.6], there is N0 such that if n ≥ N0 then there is i with n ≤ i ≤
n+ n(f)− 1 such that Ai(f) 6= 0. This leads to the estimate
#A(f, k) ≥
k −N0
n(f)
∀k ≥ N0.
Assume that x has least period p. Then we have
Am(f, 〈x〉) =
1
m
∑
p|n|m
µ
(m
n
)
#〈x〉 =
p
m
∑
p|n|m
µ
(m
n
)
.
Thus if m is not a multiple of p then by definition Am(f, 〈x〉) = 0. It is clear that
Ap(f, 〈x〉) = µ(1) = 1, i.e., p ∈ A(f, 〈x〉). Because p | n | rp ⇔ n = r′p with r′ | r,
we have Arp(f, 〈x〉) = 1/r
∑
p|n|rp µ(rp/n) = 1/r
∑
r′|r µ(r/r
′) which is 0 when and
only when r > 1. Consequently, A(f, 〈x〉) = {p}.
In conclusion, we obtain the required inequality
k −N0
r(f)
≤ #A(f, k) ≤ #O(f, k). 
Finally, we study (homotopy) minimal periods of maps f on infra-solvmanifolds
of type (R). We seek to determine HPer(f) only from the knowledge of the sequence
{N(fk)}. This approach was used in [1, 19, 28] for maps on tori, in [25, 26, 23,
24, 35, 36] for maps on nilmanifolds and some solvmanifolds, and in [32, 34] for
expanding maps on infra-nilmanifolds.
Utilizing new results obtained from the Gauss congruences and the rationality
of the Nielsen zeta function, together with Dirichlet’s prime number theorem, we
obtain:
Theorem 4.5. Let f be a map on an infra-solvmanifold of type (R). Suppose
that the sequence {N(fk)/λ(f)k} is asymptotically periodic (i.e., Case (2) of The-
orem 4.2). Then there exist m and an infinite sequence {pi} of primes such that
{mpi} ⊂ Per(f). Furthermore, {mpi} ⊂ HPer(f).
Next we recall that:
Theorem 4.6 ([22, Theorem 6.1]). Let f : M → M be a self-map on a compact
PL-manifold of dimension ≥ 3. Then f is homotopic to a map g with Pn(g) = ∅ if
and only if NPn(f) = 0.
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The infra-solvmanifolds of dimension 1 or 2 are the circle, the torus and the
Klein bottle. Theorem 4.6 for dimensions 1 and 2 is verified respectively in [3], [1]
and [38, 23, 31]. Hence we have
n ∈ HPer(f)⇐⇒ ∃ g ≃ f such that Pn(f) 6= ∅ (Definition)
⇐⇒ NPn(f) 6= 0 (Theorem 4.6)
⇐⇒ EPn(f) 6= ∅ (Theorem 3.3)
⇐⇒ In(f) 6= 0 ([16, Proposition 5.4])
⇐⇒ An(f) 6= 0
With the identity (M), we have the following result.
Theorem 4.7. Let f be a map on an infra-solvmanifold of type (R). Then
HPer(f) = {k | Ak(f) 6= 0} ⊂ {k | N(f
k) 6= 0}.
Moreover, if N(fk) 6= 0, then there exists a divisor d of k such that d ∈ HPer(f).
Corollary 4.8. Let f be a map on an infra-solvmanifold of type (R). Suppose that
the sequence {N(fk)} is strictly monotone increasing. Then HPer(f) is cofinite.
Proof. By the assumption, we have λ(f) > 1. Thus by [16, Theorem 4.4] (cf.
Theorem 7.3), there exist γ > 0 and N such that if k > N then there exists ℓ =
ℓ(k) < r(f) such that N(fk−ℓ)/λ(f)k−ℓ > γ. Then for all k > N , the monotonicity
implies that
N(fk)
λ(f)k
≥
N(fk−ℓ)
λ(f)k
=
N(fk−ℓ)
λ(f)k−ℓλ(f)ℓ
≥
γ
λ(f)ℓ
≥
γ
λ(f)r(f)
.
Applying [16, Proposition 4.5] (cf. Proposition 7.4) with ǫ = γ/λ(f)r(f), we see
that Ik(f) 6= 0 and so Ak(f) 6= 0 for all k sufficiently large. Now our assertion
follows from Theorem 4.7. 
Remark 4.9. Note that in the above Corollary we may use the weaker assumption
that the sequence {N(fk)} is eventually strictly monotone increasing, i.e., there
exists k0 > 0 such that N(f
k+1) > N(fk) for all k ≥ k0.
Thus the main result of [34] follows from Corollary 4.8.
Corollary 4.10 ([32, Theorem 4.6], [34, Theorem 3.2]). Let f be an expanding
map on an infra-nilmanifold. Then HPer(f) is cofinite.
In [8], the authors also discussed homotopy minimal periods for hyperbolic maps
on infra-nilmanifolds. A map f on an infra-nilmanifold with affine homotopy lift
(d,D) is hyperbolic if D∗ has no eigenvalues of modulus 1. We now give another
proof of each of the main results, Theorems 3.9 and 3.16, in [8]. In our proof, we
use some useful results such as Lemma 3.7 and Proposition 3.14 in [8].
Theorem 4.11 ([8, Theorem 3.9]). If f is a hyperbolic map on an infra-nilmanifold
with affine homotopy lift (d,D) such that D∗ is not nilpotent, then HPer(f) is
cofinite.
Proof. [8, Lemma 3.7] says that if f is such a map, then the sequence {N(fk)} is
eventually strictly monotone increasing; by our Corollary 4.8, HPer(f) is cofinite.

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Theorem 4.12 ([8, Theorem 3.16]). If f is a hyperbolic map on an infra-nilmanifold
with affine homotopy lift (d,D) such that D∗ is nilpotent, then HPer(f) = {1}.
Proof. If f is such a map, then by [8, Proposition 3.14] all N(fk) = 1. Now because
of the identity (M), all Ad(f) = 0 except A1(f) = N(f
k) = 1. Hence Theorem 4.7
implies that HPer(f) = {1}. 
5. Reidemeister numbers R(ϕk)
Concerning the Reidemeister numbers R(ϕk) of all iterates of ϕ, we shall assume
that all R(ϕk) are finite. Whenever all R(ϕn) are finite, we can consider the
Reidemeister zeta function of ϕ
Rϕ(z) = exp
(
∞∑
k=1
R(ϕk)
k
zk
)
.
Let ϕ : Π → Π be an endomorphism on a poly-Bieberbach group Π with Π ⊂
Aff(S) = S⋊Aut(S), where S is a connected, simply connected solvable Lie group
of type (R). By Section 3, ϕ is a homomorphism induced by a self-map f on the
infra-solvmanifold Π\S of type (R). First we recall the following result.
Theorem 5.1 ([15, Theorem 11.4]). Let ϕ : Π→ Π be an endomorphism on a poly-
Bieberbach group Π such that all R(ϕk) are finite. Then the sequences {R(ϕk)} and
{N(fk)} are exactly realizable and∑
d|k
µ
(
k
d
)
R(ϕd) ≡
∑
d|k
µ
(
k
d
)
N(fd) ≡ 0 mod k(DN)
for all k > 0.
Consider the sequences of algebraic multiplicities {Ak(f)} and Dold multiplicities
{Ik(f)} associated to the sequence {N(fk)}:
Ak(f) =
1
k
∑
d|k
µ
(
k
d
)
N(fd), Ik(f) =
∑
d|k
µ
(
k
d
)
N(fd).
Then Ik(f) = kAk(f) and all Ak(f) are integers by (DN). From the Mo¨bius
inversion formula, we immediately have
N(fk) =
∑
d|k
dAd(f).
Because we are assuming that all R(ϕk) are finite, by Theorem 3.1, R(ϕk) =
N(fk). Consequently, we obtain the sequences of algebraic multiplicities {Ak(ϕ)}
and Dold multiplicities {Ik(ϕ)} associated to the sequence {R(ϕk)}. Thus Ik(ϕ) =
kAk(ϕ) and all Ak(ϕ) are integers. Furthermore, we immediately have R(ϕ
k) =∑
d|k dAd(ϕ).
Theorem 5.2 ([15, Theorem 7.8]). Let ϕ : Π → Π be an endomorphism on a
poly-Bieberbach group Π such that all R(ϕk) are finite. Then the Reidemeister zeta
function of ϕ
Rϕ(z) = exp
(
∞∑
k=1
R(ϕk)
k
zk
)
is a rational function.
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Since Rϕ(0) = 1 by definition, z = 0 is not a zero nor a pole of the rational
function Rϕ(z). Thus we can write
Rϕ(z) =
u(z)
v(z)
=
∏
i(1− βiz)∏
j(1− γjz)
=
r∏
i=1
(1− λiz)
−ρi
with all λi distinct nonzero algebraic integers (see for example [5] or [2, Theo-
rem 2.1]) and ρi nonzero integers. This implies that
R(ϕk) =
r(ϕ)∑
i=1
ρiλ
k
i .(R1)
Note that r(ϕ) is the number of zeros and poles ofRϕ(z). Since Rϕ(z) is a homotopy
invariant, so is r(ϕ).
Consider another generating function associated to the sequence {R(ϕk)}:
Sϕ(z) =
∞∑
k=1
R(ϕk)zk−1.
Then it is easy to see that
Sϕ(z) =
d
dz
logRϕ(z).
Moreover,
Sϕ(z) =
∞∑
k=1
r(ϕ)∑
i=1
ρiλ
k
i z
k−1 =
r(ϕ)∑
i=1
ρiλi
1− λiz
is a rational function with simple poles and integral residues, and 0 at infinity. The
rational function Sϕ(z) can be written as Sϕ(z) = u(z)/v(z) where the polynomials
u(z) and v(z) are of the form
u(z) = R(ϕ) +
s∑
i=1
aiz
i, v(z) = 1 +
t∑
j=1
bjz
j
with ai and bj integers, see (3)⇒ (5), Theorem 2.1 in [2] or [24, Lemma 3.1.31]. Let
v˜(z) be the conjugate polynomial of v(z), i.e., v˜(z) = ztv(1/z). Then the numbers
{λi} are the roots of v˜(z), and r(ϕ) = t.
The following can be found in the proof of (3) ⇒ (5), Theorem 2.1 in [2], see
also [16, Lemma 2.4].
Lemma 5.3. If λi and λj are roots of the rational polynomial v˜(z) which are
algebraically conjugate (i.e., λi and λj are roots of the same irreducible polynomial),
then ρi = ρj.
Let v˜(z) =
∏s
α=1 v˜α(z) be the decomposition of the monic integral polynomial
v˜(z) into irreducible polynomials v˜α(z) of degree rα. Of course, r = r(ϕ) =
∑s
α=1 rα
and
v˜(z) = zr + b1z
r−1 + b2z
r−2 + · · ·+ br−1z + br
=
s∏
α=1
(zrα + bα1 z
rα−1 + bα2 z
rα−2 + · · ·+ bαrα−1z + b
α
rα) =
s∏
α=1
v˜α(z).
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If {λ
(α)
i } are the roots of v˜α(z), then the associated ρ’s are the same ρα. Conse-
quently, we can rewrite (R1) as
R(ϕk) =
s∑
α=1
ρα
(
rα∑
i=1
(λ
(α)
i )
k
)
=
∑
ρα>0
ρ+α
(
rα∑
i=1
(λ
(α)
i )
k
)
−
∑
ρα<0
ρ−α
(
rα∑
i=1
(λ
(α)
i )
k
)
.
Consider the rα × rα-integral square matrices
Mα =


0 0 · · · 0 −bαrα
1 0 · · · 0 −bαrα−1
...
...
...
...
0 0 · · · 0 −bα2
0 0 · · · 1 −bα1

 .
The characteristic polynomial is det(zI −Mα) = v˜α(z) and therefore {λ
(α)
i } is the
set of eigenvalues of Mα. This implies that R(ϕ
k) =
∑s
α=1 ρα trM
k
α. Set
M+ =
⊕
ρα>0
ρ+αMα, M− =
⊕
ρα<0
ρ−αMα.
Then
R(ϕk) = trMk+ − trM
k
− = tr (M+
⊕
−M−)
k.(R2)
We will show in Proposition 8.2 that if Ak(f) 6= 0 then N(fk) 6= 0 and hence
f has an essential periodic point of period k. In the following we investigate some
other necessary conditions under which N(fk) 6= 0. Recall that
N(fk) = the number of essential fixed point classes of fk.
If F is a fixed point class of fk, then fk(F) = F and the length of F is the smallest
number p for which fp(F) = F, written p(F). We denote by 〈F〉 the f -orbit of F,
i.e., 〈F〉 = {F, f(F), · · · , fp−1(F)} where p = p(F). If F is essential, so is every f i(F)
and 〈F〉 is an essential periodic orbit of f with length p(F) and p(F) | k. These
are variations of Corollaries 2.3, 2.4 and 2.5 of [2].
Assuming that all R(ϕk) are finite, we have
Corollary 5.4. If r(ϕ) 6= 0, then R(ϕi) 6= 0 for some 1 ≤ i ≤ r(ϕ). In particular,
ϕ has an essential periodic orbit with the length p | i, i ≤ r(ϕ).
Recalling the identity R(ϕk) =
∑r(ϕ)
i=1 ρiλ
k
i , we define
ρ(ϕ) =
r(ϕ)∑
i=1
ρi, M(ϕ) = max


∑
ρi≥0
ρi,−
∑
ρj<0
ρj

 .
Corollary 5.5. If ρ(ϕ) = 0 and r(ϕ) ≥ 1, then r(ϕ) ≥ 2 and R(ϕi) 6= 0 for
some 1 ≤ i < r(ϕ). In particular, ϕ has an essential periodic orbit with the length
p | i, i ≤ r(ϕ) − 1.
Corollary 5.6. If r(ϕ) > 0, then R(ϕi) 6= 0 for some 1 ≤ i ≤M(ϕ). In particular,
ϕ has an essential periodic orbit with the length p | i, i ≤M(ϕ).
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6. Radius of convergence of Rϕ(z)
From the Cauchy–Hadamard formula, we can see that the radii R of convergence
of the infinite series Rϕ(z) and Sϕ(z) are the same and given by
1
R
= lim sup
k→∞
(
R(ϕk)
k
)1/k
= lim sup
k→∞
R(ϕk)1/k.
We will understand the radius R of convergence from the identity R(ϕk) =∑r(ϕ)
i=1 ρiλ
k
i . Recall that the λ
−1
i are the poles or the zeros of the rational function
Rϕ(z). We define
λ(ϕ) = max{|λi| | i = 1, · · · , r(ϕ)}.
If r(ϕ) = 0, i.e., if R(ϕk) = 0 for all k > 0, then Rϕ(z) ≡ 1 and 1/R = 0. In this
case, we define customarily λ(ϕ) = 0. We shall assume now that r(ϕ) 6= 0. In what
follows, when λ(ϕ) > 0, we consider
n(ϕ) = #{i | |λi| = λ(ϕ)}.
Remark that if λ(ϕ) < 1 then R(ϕk) =
∑r(ϕ)
i=1 ρiλ
k
i → 0 and so the sequence of
integers are eventually zero, i.e., R(ϕk) = 0 for all k sufficiently large. This shows
that 1/R = 0 and furthermore, Rϕ(z) is the exponential of a polynomial. Hence
the rational function Rϕ(z) has no poles and zeros. This forces Rϕ(z) ≡ 1; hence
λ(ϕ) = 0 = 1/R.
Assume |λj | 6= λ(ϕ) for some j; then we have
R(ϕk)
λkj
=
∑
i6=j
ρi
(
λi
λj
)k
+ ρj , lim
∑
i6=j
ρi
(
λi
λj
)k
=∞.
It follows from the above observations that 1/R = lim sup(
∑
i6=j ρiλ
k
i )
1/k. Conse-
quently, we may assume that R(ϕk) =
∑
j ρjλ
k
j with all |λj | = λ(ϕ) and then we
have
1
R
= lim sup

 ∑
|λj |=λ(ϕ)
ρjλ
k
j


1/k
.
If λ(ϕ) > 1, then R(ϕk)→∞ and by L’Hopital’s rule we obtain
lim sup
k→∞
logR(ϕk)
k
= lim sup
k→∞
log
(∑
j ρjλ
k
j
)
k
= logλ(ϕ) ⇒
1
R
= λ(ϕ).
If λ(ϕ) = 1, then R(ϕk) ≤
∑
j |ρj | < ∞ is a bounded sequence and so it has a
convergent subsequence. If lim supR(ϕk) = 0, then R(ϕk) = 0 for all k sufficiently
large and so by the same reason as above, λ(ϕ) = 0, a contradiction. Hence
lim supR(ϕk) is a finite nonzero integer and so 1/R = 1 = λ(ϕ).
Summing up, we have obtained that
Theorem 6.1. Let ϕ : Π → Π be an endomorphism on a poly-Bieberbach group
Π such that all R(ϕk) are finite. Let R denote the radius of convergence of the
Reidemeister zeta function Rϕ(z) of ϕ. Then λ(ϕ) = 0 or λ(ϕ) ≥ 1, and
1
R
= λ(ϕ).
In particular, R > 0.
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Recall that
Sϕ(z) =
r(ϕ)∑
i=1
ρiλi
1− λiz
,
Rϕ(z) =
r(ϕ)∏
i=1
(1− λiz)
−ρi =
∏
ρj<0
(1− λjz)−ρj∏
ρi>0
(1− λiz)ρi
.
These show that all of the 1/λi are the poles of Sϕ(z), whereas the 1/λi with
corresponding ρi > 0 are the poles of Rϕ(z). The radius of convergence of a power
series centered at a point a is equal to the distance from a to the nearest point where
the power series cannot be defined in a way that makes it holomorphic. Hence the
radius of convergence of Sϕ(z) is 1/λ(ϕ) and the radius of convergence of Rϕ(z) is
1/max{|λi| | ρi > 0}. In particular, we have shown that
λ(ϕ) = max{|λi| | i = 1, · · · , r(ϕ)} = max{|λi| | ρi > 0}.
Theorem 6.2. Let ϕ : Π→ Π be an endomorphism on a poly-Bieberbach group Π
of S such that all R(ϕk) are finite. Let R denote the radius of convergence of the
Reidemeister zeta function of ϕ. If ϕ is the semi-conjugate by an affine map (d,D)
on S and if D∗ has no eigenvalue 1, then
1
R
= sp
(∧
D∗
)
= λ(ϕ).
Proof. Recall that Rϕ(z) = Rf (z) and the radius R of convergence of Rf (z) satisfies
1/R = sp (
∧
D∗) by [16, Theorem 3.4]. With Theorem 6.1, we obtain the required
assertion. 
We recall that the asymptotic Reidemeister number of ϕ is defined to be
R∞(ϕ) := max
{
1, lim sup
k→∞
R(ϕk)1/k
}
.
We also recall that the most widely used measure for the complexity of a dynamical
system is the topological entropy h(f). A basic relation between these two numbers
is h(f) ≥ logN∞(f), which was found by Ivanov in [21]. There is a conjectural
inequality h(f) ≥ log(sp(f)) raised by Shub [44]. This conjecture was proven for all
maps on infra-solvmanifolds of type (R), see [39, 40] and [15]. Consider a continuous
map f on a compact connected manifold M , and consider a homomorphism ϕ
induced by f of the group Π of covering transformations on the universal cover of
M . Since M is compact, Π is finitely generated. Let T = {τ1, · · · , τn} be a set of
generators for Π. For any γ ∈ Π, let L(γ, T ) be the length of the shortest word in
the letters T ∪ T−1 which represents γ. For each k > 0, we put
Lk(ϕ, T ) = max
{
L(ϕk(τi), T ) | i = 1, · · · , n
}
.
Then the algebraic entropy halg(f) = halg(ϕ) of f or ϕ is defined as follows:
halg(f) = lim
k→∞
1
k
logLk(ϕ, T ).
The algebraic entropy of f is well-defined, i.e., independent of the choices of a set
T of generators for Π and a homomorphism ϕ induced by f ([30, p. 114]). We refer
to [30] for the background. We recall that R. Bowen in [4] and A. Katok in [29],
among others, have proved that the topological entropy h(f) of f is at least as large
as the algebraic entropy halg(ϕ) of ϕ. Furthermore, for any inner automorphism τγ0
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by γ0, we have halg(τγ0ϕ) = halg(ϕ) ([30, Proposition 3.1.10]). Now we can make a
statement about the relations between R∞(ϕ), λ(ϕ), h(f) and halg(ϕ).
Corollary 6.3. Let ϕ : Π → Π be a homomorphism on a poly-Bieberbach group
Π of S and all R(ϕk) are finite. Let (d,D) be an affine map on S such that
ϕ(α)◦ (d,D) = (d,D)◦α for all α ∈ Π. Let f¯ be the map on Π\S induced by (d,D)
and let f be any map on Π\S which is homotopic to f¯ . Then
R∞(ϕ) = sp
(∧
D∗
)
= λ(ϕ),
halg(ϕ) = halg(f¯) = halg(f) ≤ h(f¯) = logR
∞(ϕ) ≤ h(f),
provided that 1 is not an eigenvalue of D∗.
Proof. From [15, Theorem 4.3] and Theorem 6.2, we obtain the first assertion,
R∞(ϕ) = sp (
∧
D∗) = λ(ϕ). By [15, Theorem 5.2], h(f) ≥ h(f¯) = logλ(ϕ) and
by the remark mentioned just above, we have that h(f¯) ≥ halg(f¯) = halg(f) =
halg(ϕ). 
Remark 6.4. The inequality
logR∞(ϕ) ≥ halg(ϕ)
in Corollary 6.3 can be regarded as an algebraic analogue of the Ivanov inequality
h(f) ≥ logN∞(f).
7. Asymptotic behavior of the sequence {R(ϕk)}
In this section, we study the asymptotic behavior of the Reidemeister numbers
of iterates of maps on poly-Bieberbach groups.
Theorem 7.1. Let ϕ : Π → Π be an endomorphism on a poly-Bieberbach group
such that all R(ϕk) are finite. Then one of the following two possibilities holds:
(1) λ(ϕ) = 0, which occurs if and only if Rϕ(z) ≡ 1.
(2) The sequence {R(ϕk)/λ(ϕ)k} has the same limit points as a periodic se-
quence {
∑
j αjǫ
k
j } where αj ∈ Z, ǫj ∈ C and ǫ
q
j = 1 for some q > 0.
(3) The set of limit points of the sequence {R(ϕk)/λ(ϕ)k} contains an interval.
In Theorem 6.2, we showed that if D∗ has no eigenvalue 1 then λ(ϕ) = sp(
∧
D∗).
In fact, we have the following:
Lemma 7.2. Let ϕ be a homomorphism on a poly-Bieberbach group Π of S and
let ϕ be the semi-conjugate by an affine map (d,D) on S. If λ(ϕ) ≥ 1, then
λ(ϕ) = sp(
∧
D∗).
It is important to know not only the rate of growth of the sequence {R(ϕk)} but
also the frequency with which the largest Reidemeister number is encountered. The
following theorem shows that this sequence grows relatively densely. The following
are variations of Theorem 2.7, Proposition 2.8 and Corollary 2.9 of [2].
Theorem 7.3. Let ϕ : Π→ Π be an endomorphism on a poly-Bieberbach group Π
such that all R(ϕk) are finite. If λ(ϕ) ≥ 1, then there exist γ > 0 and a natural
number N such that for any m > N there is an ℓ ∈ {0, 1, · · · , n(ϕ) − 1} such that
R(ϕm+ℓ)/λ(ϕ)m+ℓ > γ.
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Proposition 7.4. Let ϕ : Π→ Π be an endomorphism on a poly-Bieberbach group
such that all R(ϕk) are finite and such that λ(ϕ) > 1. Then for any ǫ > 0, there
exists N such that if R(ϕm)/λ(ϕ)m ≥ ǫ for m > N , then the Dold multiplicity
Im(ϕ) satisfies
|Im(ϕ)| ≥
ǫ
2
λ(ϕ)m.
Theorem 7.3 and Proposition 7.4 immediately imply the following:
Corollary 7.5. Let ϕ : Π → Π be an endomorphism on a poly-Bieberbach group
such that all R(ϕk) are finite and such that λ(ϕ) > 1. Then there exist γ > 0 and a
natural number N such that if m ≥ N then there exists ℓ with 0 ≤ ℓ ≤ n(ϕ)−1 such
that |Im+ℓ(ϕ)|/λ(ϕ)m+ℓ ≥ γ/2. In particular Im+ℓ(ϕ) 6= 0 and so Am+ℓ(ϕ) 6= 0.
Remark 7.6. We can state a little bit more about the density of the set of algebraic
periods A(ϕ) = {m ∈ N | Am(ϕ) 6= 0}. We consider the notion of the lower
density DA(ϕ) of the set A(ϕ) ⊂ N:
DA(ϕ) = lim inf
k→∞
#(A(ϕ) ∩ [1, k])
k
.
By Corollary 7.5, when λ(ϕ) > 1, we have DA(ϕ) ≥ 1/n(ϕ). On the other hand,
Theorem 7.1 implies the following: If λ(ϕ) = 0 then R(ϕk) = 0 for all k > 0; by
Theorem 4.7 Ak(ϕ) = 0 for all k > 0, hence DA(ϕ) = ∅. Consider Case (2) of
Theorem 7.1, that is, the sequence {R(ϕk)/λ(ϕ)k} has the same limit points as
the periodic sequence {
∑n(ϕ)
j=1 ρje
2iπ(kθj)} of period q = LCM(q1, · · · , qn(ϕ)). By
Theorem 7.3, we have DA(ϕ) ≥ 1/q. Finally consider Case (3). Then the sequence
{R(ϕk)/λ(ϕ)k} asymptotically has a subsequence {
∑
j∈S ρje
2iπ(kθj)} where S =
{j1, · · · , js} and {θj1 , · · · , θjs , 1} is linearly independent over the integers. Therefore
by [6, Theorem 6, p. 91], the sequence (kθj1 , · · · , kθjs) is uniformly distributed. It
follows that DA(ϕ) = 1.
8. Periodic [ϕ]-orbits
In this section, we shall give an estimate from below the number of periodic
[ϕ]-orbits of an endomorphism ϕ on a poly-Bieberbach group based on facts dis-
cussed in Section 3. We keep in mind that all periodic classes are essential, see
Proposition 3.2.
We denote by O([ϕ], k) the set of all (essential) periodic orbits of [ϕ] with length
≤ k. Thus
O([ϕ], k) = {〈[α]m〉 | α ∈ Π,m ≤ k}.
Recalling from Section 3 that O([ϕ], k) = O(f, k), we can restate Theorem 4.4 as
follows:
Theorem 8.1. Let ϕ : Π → Π be an endomorphism on a poly-Bieberbach group
such that all R(ϕk) are finite. Suppose that the sequence R(ϕk) is unbounded. Then
there exists a natural number N0 such that
k ≥ N0 =⇒ #O([ϕ], k) ≥
k −N0
r(ϕ)
.
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Proposition 8.2. Let ϕ : Π→ Π be an endomorphism on a poly-Bieberbach group
such that all R(ϕk) are finite. For every k > 0, we have
#IR(ϕk) =
∑
d|k
µ
(
k
d
)
R(ϕd) = Ik(ϕ).
Proof. We apply the Mo¨bius inversion formula to the identity
R(ϕk) =
∑
d|k
#IR(ϕd)
in Section 3 to obtain #IR(ϕk) =
∑
d|k µ
(
k
d
)
R(ϕd), which is exactly the Dold
multiplicity Ik(ϕ). 
Definition 8.3. When all R(ϕk) are finite, we consider the mod 2 reduction of
the Reidemeister number R(ϕk) of fk, written R(2)(ϕk). A positive integer k is a
R(2)-period of ϕ if R(2)(ϕk+i) = R(2)(ϕi) for all i ≥ 1. We denote the minimal
R(2)-period of ϕ by α(2)(ϕ).
Proposition 8.4 ([41, Proposition 1]). Let p be a prime number and let A be a
square matrix with entries in the field Fp. Then there exists k with (p, k) = 1 such
that
trAk+i = trAi
for all i ≥ 1.
Recalling (R2): R(ϕk) = N(fk) = trMk+ − trM
k
− = tr (M+ ⊕ −M−)
k, we can
see easily that the minimal R(2)-period α(2)(ϕ) always exists and must be an odd
number.
Now we obtain a result which resembles [41, Theorem 2].
Theorem 8.5. Let ϕ : Π → Π be an endomorphism on a poly-Bieberbach group
such that all R(ϕk) are finite. Let k > 0 be an odd number. Suppose that α(2)(ϕ)2 | k
or p | k where p is a prime such that p ≡ 2i mod α(2)(ϕ) for some i ≥ 0. Then
NPk(ϕ)
k
=
#IR(ϕk)
k
is even.
9. Heights of ϕ
In this section, we study (homotopy) heights HI(ϕ) = H(ϕ) of Reidemeister
classes of endomorphisms ϕ on poly-Bieberbach groups. We wish to determine the
set H(ϕ) of all heights only from the knowledge of the sequence {R(ϕk)}. Recalling
that when all R(ϕk) are finite, R(ϕk) =
∑r(ϕ)
i=1 ρiλ
k
i and λ(ϕ) = max{|λi| | i =
1, · · · , r(ϕ)}, we define
R|λ|(ϕk) =
∑
|λi|=|λ|
ρiλ
k
i , R˜
|λ|(ϕk) =
1
|λ|k
R|λ|(ϕk).
Lemma 9.1. When all R(ϕk) are finite, if λ(ϕ) ≥ 1, then we have
lim sup
k→∞
R(ϕk)
λ(ϕ)k
= lim sup
k→∞
|R˜λ(ϕ)(ϕk)|.
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Proof. We have
R(ϕk)
λ(ϕ)k
= R˜λ(ϕ)(fk) +
1
λ(ϕ)k
∑
|λi|<λ(ϕ)
ρiλ
k
i .
Since for |λi| < λ(ϕ), lim λki /λ(ϕ)
k = 0, it follows that the proof is completed. 
Theorem 9.2. Let ϕ : Π → Π be an endomorphism on a poly-Bieberbach group
such that all R(ϕk) are finite. Suppose that the sequence R(ϕk)/λ(ϕ)k is asymp-
totically periodic. Then there exist an integer m > 0 and an infinite sequence {pi}
of primes such that {mpi} ⊂ H(ϕ).
Proof. Since the sequence R(ϕk) is unbounded, by Theorem 7.1, there exists q
such that all λi/|λi| with |λi| = λ(ϕ) are roots of unity of degree q, and the se-
quence {R˜λ(ϕ)(ϕk)} is periodic and nonzero, because lim supk→∞ |R˜
λ(ϕ)(ϕk)| >
0 by Lemma 9.1. Consequently, there exists m with 1 ≤ m ≤ q such that
R˜λ(ϕ)(ϕm) 6= 0.
Let ψ = ϕm. Then λ(ψ) = λ(ϕm) = λ(ϕ)m ≥ 1. The periodicity R˜λ(ϕ)(ϕm+ℓq) =
R˜λ(ϕ)(ϕm) implies that R˜λ(ψ)(ψ1+ℓq) = R˜λ(ψ)(ψ) for all ℓ > 0. By Lemma 9.1 or
Theorem 7.1, we can see that there exists γ > 0 such that R(ψ1+ℓq) ≥ γλ(ψ)1+ℓq >
0 for all ℓ sufficiently large. From Proposition 7.4 it follows that the Dold multi-
plicity I1+ℓq(ψ) satisfies |I1+ℓq(ψ)| ≥ (γ/2)λ(ψ)1+ℓq when ℓ is sufficiently large.
According to Dirichlet prime number theorem, since (1, q) = 1, there are in-
finitely many primes p of the form 1 + ℓq. Consider all primes pi satisfying
|Ipi(ψ)| ≥ (γ/2)λ(ψ)
pi .
By Proposition 8.2, #IR(ψpi ) = Ipi(ψ) > 0, each pi is the height of some (essen-
tial) Reidemeister class [α]pi ∈ R[ψpi ]. That is, [α]pi is an irreducible Reidemeister
class of ψpi . Consider the Reidemeister class [α]mpi determined by α of ϕmpi . Let
di be the depth of the Reidemeister class [α]
mpi ∈ R[ϕmpi ]. Then di = mipi for
somemi | m and so there is an irreducible Reidemeister class [β]di ∈ R[ϕdi ] which is
boosted to [α]mpi . This means that di is the height of [β]
di . Choose a subsequence
{mik} of the sequence {mi} bounded bym which is constant, saym0. Consequently,
the infinite sequence {m0pik} consists of heights of ϕ, or {m0pi} ⊂ H(ϕ). 
In the proof of Theorem 9.2, we have shown the following, which proves that the
algebraic period is a (homotopy) height when it is a prime number.
Corollary 9.3. Let ϕ : Π → Π be an endomorphism on a poly-Bieberbach group
such that all R(ϕk) are finite. For all primes p, if Ap(ϕ) 6= 0 then p ∈ H(ϕ).
Corollary 9.4. Let ϕ : Π → Π be an endomorphism on a poly-Bieberbach group
such that all R(ϕk) are finite. If the sequence {R(ϕk)} is strictly monotone in-
creasing, then there exists N such that the set H(ϕ) contains all primes larger than
N .
Proof. By the assumption, we have λ(ϕ) > 1. Thus by Theorem 7.3, there exist
γ > 0 and N such that if k > N then there exists ℓ = ℓ(k) < r(ϕ) such that
R(ϕk−ℓ)/λ(ϕ)k−ℓ > γ. Then for all k > N , the monotonicity gives
R(ϕk)
λ(ϕ)k
≥
R(ϕk−ℓ)
λ(ϕ)k
=
R(ϕk−ℓ)
λ(ϕ)k−ℓλ(ϕ)ℓ
≥
γ
λ(ϕ)ℓ
≥
γ
λ(ϕ)r(ϕ)
.
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Applying Proposition 7.4 with ǫ = γ/λ(ϕ)r(ϕ), we see that Ik(ϕ) 6= 0 and so
Ak(ϕ) 6= 0 for all k sufficiently large. Now our assertion follows from Corollary 9.3.

Example 9.5. There are examples of groups and endomorphisms satisfying the
conditions of the above Corollary. The simplest one is the endomorphism ϕ : Z→ Z
such that ϕ(1) = d. Then ϕk(1) = dk and so R(ϕk) = |1− dk| for all k > 0. When
d ≥ 2, it is easy to see that all R(ϕk) are finite and the sequence {R(ϕk)} is strictly
increasing.
By a direct computation, we can show that
H(ϕ) =


{1} if d = 0 or −1
∅ if d = 1
N− {2} if d = −2
N if d ≥ 2 or d ≤ −3.
In fact, when d = 1, all the Reidemeister classes are inessential and hence by
definition H(ϕ) = ∅. For another instance, consider the case d = −2. For any
k ≥ 1, ϕk(1) = (−2)k and so the Reidemeister class [n]k ∈ R[ϕk] is
[n]k = {m+ n− (−2)km | m ∈ Z} = n+ (1− (−2)k)Z.
Since ι1,2([n]
1) = [n+ ϕ(n)]2 = [n− 2n]2 = [−n]2, it follows that 2 /∈ H(ϕ). Next,
we remark that
ιk,ℓ([n]
k) = [n+ ϕk(n) + · · ·+ ϕℓ−k(n)]ℓ
= [(1 + (−2)k + · · ·+ (−2)ℓ−k)n]ℓ
=
[
1− (−2)ℓ
1− (−2)k
n
]ℓ
.
For 0 ≤ n < |1− (−2)k|, when ℓ 6= 2 we see that∣∣∣∣ 1− (−2)ℓ1− (−2)k
∣∣∣∣ 6= 1, 0 ≤
∣∣∣∣ 1− (−2)ℓ1− (−2)k
∣∣∣∣n < |1− (−2)ℓ|.
This implies that if ℓ 6= 2 then ℓ ∈ H(ϕ). Consequently, H(ϕ) = N− {2}. Now the
remaining cases can be treated in a similar way and we omit a detailed computation.
An endomorphism ϕ : Π→ Π is essentially reducible if any Reidemeister class
of ϕk being boosted to an essential Reidemeister of ϕkn is essential, for any positive
integers k and n. The group Π is essentially reducible if every endomorphism
on Π is essentially reducible.
Lemma 9.6 ([16, Lemma 6.7]). Every poly-Bieberbach group is essentially re-
ducible.
This means that for any n, if [α]n is essential and if ιm,n([β]
m) = [α]n then [β]m
is essential.
Lemma 9.7 ([1, Proposition 2.2]). Let ϕ : Π→ Π be an endomorphism such that
all R(ϕk) are finite. If ∑
m
k
: prime
R(ϕk) < R(ϕm),
then ϕ has a periodic Reidemeister class with height m, i.e., m ∈ H(ϕ).
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Proof. Let r = R(ϕm) and let [α1]
m, · · · , [αr]m be the Reidemeister classes of ϕm.
If some [αj ]
m is irreducible, then we are done. So assume no [αj ]
n is irreducible.
Then, for each j, there is a kj so thatm/kj is prime and [αj ]
m is reducible to [βj ]
kj ∈
R[ϕkj ]. But this shows that R(ϕm) ≤
∑
m
k
:primeR(ϕ
k), a contradiction. 
We can not only extend but also strengthen Corollary 9.4 as follows:
Proposition 9.8. Let ϕ : Π → Π be an endomorphism on a poly-Bieberbach
group such that all R(ϕk) are finite. Suppose that the sequence {R(ϕk)} is strictly
monotone increasing. Then:
(1) All primes belong to H(ϕ).
(2) There exists N such that if p is a prime > N then {pn | n ∈ N} ⊂ H(ϕ).
Proof. Observe that for any prime p
R(ϕp)−
∑
p
k
: prime
R(ϕk) = R(ϕp)−R(ϕ) = Ip(ϕ).
The strict monotonicity implies Ap(ϕ) = pIp(ϕ) > 0, and hence p ∈ H(ϕ), which
proves (1).
Under the same assumption, we have shown in the proof of Corollary 9.4 that
there exists N such that k > N ⇒ Ik(ϕ) > 0. Let p be a prime > N and n ∈ N.
Then
R(ϕp
n
)−
∑
pn
k
: prime
R(ϕk) =
n∑
i=0
Ipi(ϕ)− R(ϕ
pn−1) = Ipn(ϕ) > 0.
By Lemma 9.7, we have pn ∈ H(ϕ), which proves (2). 
In Remark 7.6, we made a statement about the lower density DA(ϕ) of the set
of algebraic periods A(ϕ) = {m ∈ N | Am(ϕ) 6= 0}. We can consider as well the
lower density of the set H(ϕ) of heights, see also [37], [20] and [16]:
DH(ϕ) = lim inf
k→∞
#(H(ϕ) ∩ [1, k])
k
.
Since Ik(ϕ) = #IR(ϕk) by Proposition 8.2, it follows that A(ϕ) ⊂ HI(ϕ) = H(ϕ).
Hence we have DA(ϕ) ≤ DH(ϕ).
Corollary 9.9. Let ϕ : Π → Π be an endomorphism on a poly-Bieberbach group
such that all R(ϕk) are finite. Suppose that the sequence {R(ϕk)} is strictly mono-
tone increasing. Then H(ϕ) is cofinite and DA(ϕ) = DH(ϕ) = 1.
Proof. Under the same assumption, we have shown in the proof of Corollary 9.4
that there exists N such that if k > N then Ik(ϕ) > 0. This means IR(ϕk) is
nonempty by Proposition 8.2 and hence k ∈ H(ϕ). 
Let ϕ : Π → Π be an endomorphism on a poly-Bieberbach group Π of S such
that all R(ϕk) are finite. When ϕ is the semi-conjugate by an affine map (d,D) on
S, we say that ϕ is expanding if all the eigenvalues of D∗ have modulus > 1.
Now we can prove the main result of [34].
Corollary 9.10 ([32, Theorem 4.6], [34, Theorem 3.2]). Let ϕ be an expanding
endomorphism on an almost Bieberbach group. Then HPer(ϕ) is cofinite.
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Proof. Since ϕ is expanding, we have that λ(ϕ) = sp(
∧
D∗) > 1. For any k > 0,
we can write R(ϕk) = Γk +Ωk, where
Γk = λ(ϕ)
k

n(ϕ)∑
j=1
ρje
2iπ(kθj)

 , Ωk = r(ϕ)∑
i=n(ϕ)+1
ρiλ
k
i with |λi| < λ(ϕ).
Here Ωk → 0 and Γk →∞ as k →∞. This implies that R(ϕ
k) is eventually strictly
monotone increasing. We can use Corollary 9.4 and then Corollary 9.9 to conclude
the assertion. 
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